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Abstract
The concept of joint bivariate signature, introduced by Navarro et al. [7], is a useful tool
for studying the dependence between two systems with shared components. As with the
univariate signature, introduced by Samaniego [9], its applications are limited to systems
with only one type of components which restricts its practical use. Coolen and Coolen-
Maturi [1] introduced the survival signature, which is capable of dealing with multiple
types of components. In this paper we present a survival signature for systems with
shared components, including one or multiple types of components.
Keywords: Coherent systems, exchangeable components, signature, survival signature,
system reliability.
1. Introduction
In recent decades, the signature has become a popular tool for quantifying reliability
of coherent systems consisting of components with exchangeable random failure times
[9], where in the literature the assumption of exchangeability [2] is often replaced by the
stronger assumption of independent and identically distributed (iid) component failure
times. The signature can be used to quantify aspects of reliability of a system such as
its failure time distribution. A detailed introduction and overview of system signatures
is presented by Samaniego [9].
The essential property of the system signature is that it enables information of the
system structure to be fully taken into account through the signature, and this is sep-
arated from information about the random failure times of the components. The main
disadvantage of system signatures, however, is that it becomes extremely complicated,
and is indeed effectively impossible, to keep this separation when generalizing the concept
aCorresponding author: tahani.maturi@durham.ac.uk
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to systems with multiple types of components, which is crucial for a practically applicable
theory as most real-world systems consist of more than a single type of components [1, 6].
As an alternative to the signature, Coolen and Coolen-Maturi [1] introduced the survival
signature. For systems with just one type of components, the survival signature is closely
related to the signature, but the survival signature can be defined for, and easily applied
to, systems with multiple types of components. Many interesting problems have been
investigated using the concept of survival signature, see, e.g. [3, 4, 8].
There are many scenarios where two or more systems share multiple components,
which can be of different types. Consider for example the case of two computers linked
to a server, where the performance of any computer will depend on the performance of
the shared components, in the server, and the performance of its own components. While
we do not focus explicitly on it, it is important to note that the theory in this paper can
also be applied for the case of one system which performs two or more functions, with
some but not all components involved in multiple functions.
Navarro et al. [5] and Zarezadeh et al. [10] introduced the signature for systems with
shared components, however the joint signature representation has no probability inter-
pretation, that is they can take negative values. Navarro et al. [7] presented the so-called
joint bivariate signature, in which the joint signature had a probabilistic interpretation,
they also showed how the joint bivariate signature can be used to perform stochastic
comparisons. But again their method is limited to one type of component, which is less
useful in real world applications. In this paper, we introduce the joint survival signature
of coherent systems with shared components, which can be of different types. This paper
is organised as follows. Section 2 provides a brief overview of the survival signature intro-
duced by Coolen and Coolen-Maturi [1]. Section 3 introduces the joint survival signature
of two coherent systems with shared components, followed by generalisation for more
than two coherent systems in Section 4. Examples are provided throughout to illustrate
the proposed methods.
2. Survival signature
For a system with n components, we define the state vector x ∈ {0, 1}n with entry
xi = 1 if the ith component functions and xi = 0 if not. The labelling of the components
is arbitrary but must be fixed to define x. The structure function φ : {0, 1}n → {0, 1},
defined for all possible x, takes the value 1 if the system functions and 0 if the system
does not function for state vector x. In this paper, we restrict attention to coherent
systems, which means that φ(x) is not decreasing in any of the components of x, so system
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functioning cannot be improved by worse performance of one or more of its components.
We further assume that φ(0) = 0 and φ(1) = 1, so the system fails if all its components
fail and it functions if all its components function. These assumptions could be relaxed
but are reasonable for most practical systems, and they simplify the presentation in this
paper.
Consider a system with K ≥ 2 types of components, with nk components of type
k ∈ {1, 2, . . . , K} and ∑Kk=1 nk = n. Assume that the random failure times of compo-
nents of the same type are exchangeable [2], while full independence is assumed for the
random failure times of components of different types. Due to the arbitrary ordering
of the components in the state vector, components of the same type can be grouped
together, leading to a state vector that can be written as x = (x1, x2, . . . , xK), with
xk = (xk1, x
k
2, . . . , x
k
nk
) the sub-vector representing the states of the components of type k.
Coolen and Coolen-Maturi [1] introduced the survival signature for such a system,
denoted by Φ(l1, l2, . . . , lK), with lk = 0, 1, . . . , nk for k = 1, . . . , K, which is defined to
be the probability that the system functions given that precisely lk of its nk components
of type k function, for each k ∈ {1, 2, . . . , K}.
There are
(
nk
lk
)
state vectors xk with
∑nk
i=1 x
k
i = lk; let S
k
l denote the set of these state
vectors for components of type k and let Sl1,...,lK denote the set of all state vectors for
the whole system for which
∑nk
i=1 x
k
i = lk, k = 1, 2, . . . , K. Due to the exchangeability
assumption for the failure times of the nk components of type k, all the state vectors
xk ∈ Skl are equally likely to occur, hence
Φ(l1, . . . , lK) =
[
K∏
k=1
(
nk
lk
)−1]
×
∑
x∈Sl1,...,lK
φ(x) (1)
Let Ck(t) ∈ {0, 1, . . . , nk} denote the number of components of type k in the system
which function at time t > 0. The probability that the system functions at time t > 0 is
P (TS > t) =
n1∑
l1=0
· · ·
nK∑
lK=0
Φ(l1, . . . , lK)P (
K⋂
k=1
{Ck(t) = lk}) (2)
Assumed independence of the failure times of components of different types leads to, for
lk ∈ {0, 1, . . . , nk} for each k ∈ {1, . . . , K},
P (
K⋂
k=1
{Ck(t) = lk}) =
K∏
k=1
P (Ck(t) = lk)
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The additional assumption of iid failures times of components of the same type with
known CDF Fk(t) for type k leads to
P (
K⋂
k=1
{Ck(t) = lk}) =
K∏
k=1
(
nk
lk
)
[Fk(t)]
nk−lk [1− Fk(t)]lk
3. Joint survival signature of two coherent systems with shared components
Let T1 and T2 be the failure times of two coherent systems, S1 and S2, based on
components with iid failure time X1, . . . , Xn having a common continuous distribution
function F . A coherent system fails at the failure of one of its components. The two
systems can share one or more components, and each of the systems is allowed to be of
order less than n. Let us assume that the first system is based on n∗1 components and
the second system is based on n∗2 components, and they are having n12 components in
common (shared components), that is n = n∗1 + n
∗
2 − n12. Obviously n12 > 0, otherwise
the two systems are independent (by the iid assumption above). Let n∗1 = n1 + n12 and
n∗2 = n2 + n12 so n = n1 + n2 + n12. In [7], only one type of components is considered,
we will discuss how our method can be extended for multiple types of components. In
addition to the above assumptions, we also assume that there are no repairs, so once a
component fails it remains failed.
In this section we consider system failures at different times, including inferences
about the joint survival function of two systems at two different times, which we can use
to derive the marginal survival function of a system with shared components, and the
conditional reliability of the two systems. First we will consider systems that shared the
same type of components then we extend that for components of different types.
3.1. One-type of shared components
The survival signature Φ(l1, l2, l[1]2, l1[2]) can be defined as the probability that systems
S1 and S2 function given that precisely l1 out of n1, l[1]2 out of n12, l2 out of n2, and l1[2]
out of n12 components function, where l[1]2 is the number of components out of n12 that
function when S1 is considered, and l1[2] is the number of components out of n12 that
function when S2 is considered. We can write this as
Φ(l1, l2, l[1]2, l1[2]) = P (SF1, SF2|l1, l2, l[1]2, l1[2]) (3)
where SFi denotes the event that system i functions.
It is important to mention here that, as we may want to consider S1 and S2 at different
times, say respectively at t1 and t2, thus l12 = (l[1]2, l1[2]) is needed. It is also important
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to emphasize, given the above setting, that we have the same min(l1[2], l[1]2) components
functioning at both times t1 and t2, and the same n1 − max(l1[2], l[1]2) components not
functioning at both times. The remaining components (if l1[2] 6= l[1]2 are different) fail
between the two different times. That is Φ(l1, l2, l[1]2, l1[2]) = 0 if t1 < t2 and l1[2] ≥ l[1]2
or if t1 > t2 and l1[2] ≤ l[1]2.
Let C1t1 ∈ {0, 1, . . . , n1} and C [1]2t1 ∈ {0, 1, . . . , n12} denote the numbers of components
in system S1 that function at time t1 > 0. And let C
2
t2
∈ {0, 1, . . . , n2} and C1[2]t2 ∈
{0, 1, . . . , n12} denote the numbers of components in system S2 that function at time
t2 > 0. If the probability distribution of the component failure time has CDF F (t), then
for t1 < t2, thus l1[2] ≤ l[1]2, we can write
P (T1 > t1, T2 > t2) =
n1∑
l1=0
n2∑
l2=0
n12∑
l[1]2=0
n12∑
l1[2]=0
Φ(l1, l2, l[1]2, l1[2])PCt1<t2 (l1, l2, l[1]2, l1[2])
where
PCt1<t2 (l1, l2, l[1]2, l1[2]) = P (C
1
t1
= l1, C
2
t2
= l2, C
[1]2
t1 = l[1]2, C
1[2]
t2 = l1[2])
=
n1!
(n1 − l1)!l1! [1− F (t1)]
l1 [F (t1)]
n1−l1 n2!
(n2 − l2)!l2! [1− F (t2)]
l2 [F (t2)]
n2−l2
× n12!
(n12 − l[1]2)!(l[1]2 − l1[2])!l1[2]! [F (t1)]
n12−l[1]2 [F (t2)− F (t1)]l[1]2−l1[2] [1− F (t2)]l1[2]
And for t1 > t2, thus l1[2] ≥ l[1]2, we have
PCt1>t2 (l1, l2, l[1]2, l1[2]) =
n1!
(n1 − l1)!l1! [1− F (t1)]
l1 [F (t1)]
n1−l1 n2!
(n2 − l2)!l2! [1− F (t2)]
l2 [F (t2)]
n2−l2
× n12!
(n12 − l1[2])!(l1[2] − l[1]2)!l[1]2! [F (t2)]
n12−l1[2] [F (t1)− F (t2)]l1[2]−l[1]2 [1− F (t1)]l[1]2
If t1 = t2 = t, then PCt1<t2 (l1, l2, l[1]2, l1[2]) := 0 for l[1]2 6= l1[2], and if l[1]2 = l1[2] = l12
then
PCt1<t2 (l1, l2, l[1]2, l1[2]) =
n1!
(n1 − l1)!l1! [1− F (t1)]
l1 [F (t1)]
n1−l1 n2!
(n2 − l2)!l2! [1− F (t2)]
l2 [F (t2)]
n2−l2
× n12!
(n12 − l12)!l12! [F (t1)]
n12−l12 [1− F (t2)]l12
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Note that P (C) = 0 for t1 < t2 if l[1]2 < l1[2] and for t1 > t2 if l[1]2 > l1[2].
3.2. Marginal survival signature of two coherent systems with shared components
For t1 = 0 and t2 > 0, so in this case we assume that P (l[1]2 = n12) = 1 and
P (l1 = n1) = 1, thus
P (T2 > t2) = P (T1 > 0, T2 > t2) =
n1∑
l1=n1
n2∑
l2=0
n12∑
l[1]2=n12
n12∑
l1[2]=0
Φ(l1, l2, l[1]2, l1[2])PC(l1, l2, l[1]2, l1[2])
=
n2∑
l2=0
n12∑
l1[2]=0
Φ(n1, l2, n12, l1[2])PC(n1, l2, n12, l1[2])
where Φ(n1, l2, n12, l1[2]) = P (S1, S2|n1, l2, n12, l1[2]) = P (S2|l2, l1[2]) = Φ(l2, l1[2]), and since
F (t1 = 0) = 0 then
PC(n1, l2, n12, l1[2]) =
(
n2
l2
)
[1− F (t2)]l2 [F (t2)]n2−l2
(
n12
l1[2]
)
[F (t2)]
n12−l1[2] [1− F (t2)]l1[2]
3.3. Conditional reliability of two coherent systems with shared components
In this section we consider the conditional reliability of two coherent systems with
shared components. Suppose, one inspects system 2 at time t2, given system 2 functions,
the probability that system 1 functions at t2 > t1.
P (T1 > t1|T2 > t2) = P (T1 > t1, T2 > t2)
P (T2 > t2)
and for t1 ≥ t2,
P (T1 > t1|T2 ≤ t2) = P (T1 > t1, T2 ≤ t2)
P (T2 ≤ t2)
Now let us consider the case when system 2 is known to be function at t2, and we would
like to find the probability that both systems function at t1 (t1 > t2), then
P (T1 > t1, T2 > t1|T2 > t2) = P (min{T1, T2} > t1|T2 > t2) = P (T1 > t1, T2 > t1)
P (T2 > t2)
All these conditional probabilities are easily derived using the results presented in Sections
3.1 and 3.2.
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3.4. Some relationships
Let us define Φ(l∗1) as the probability that system S1 functions given that precisely
l∗1 = l1 + l[1]2 out of n
∗
1 = n1 +n12 components function. We can define similarly Φ(l
∗
2) for
system S2. That is
Φ(l∗1) = P (SF1|l∗1)
= P (SF1|l∗1, l1, l[1]2)P (l1, l[1]2|l∗1)
= P (SF1|l1, l[1]2)P (l1, l[1]2|l∗1)
= Φ(l1, l[1]2)P (l1, l[1]2|l∗1)
which means that Φ(l∗1) ≤ Φ(l1, l[1]2).
The survival signature Φ(l∗1, l
∗
2) can be defined as the probability that both systems
S1 and S2 function given that precisely l
∗
1 out of n
∗
1 and l
∗
2 out of n
∗
2 components function,
respectively. Let C1t1 ∈ {0, 1, . . . , n∗1} and C2t2 ∈ {0, 1, . . . , n∗2} denote the number of com-
ponents in system S1 and system S2 that function at time t1 > 0 and t2 > 0, respectively.
There is an explicit relationship between the above and the survival signature defined in
Section 3.1.
Φ(l∗1, l
∗
2) = P (SF1, SF2|l∗1, l∗2)
= P (SF1, SF2|l∗1, l∗2, l1, l[1]2, l2, l1[2])P (l1, l[1]2, l2, l1[2]|l∗1, l∗2)
= P (SF1, SF2|l1, l[1]2, l2, l1[2])P (l1, l[1]2, l2, l1[2]|l∗1, l∗2)
= Φ(l1, l[1]2, l2, l1[2])P (l1, l[1]2, l2, l1[2]|l∗1, l∗2)
where for t1 < t2,
P (l1, l[1]2, l2, l1[2]|l∗1, l∗2) = P (l2, l1[2]|l∗1, l∗2)P (l1, l[1]2|l∗1, l∗2, l2, l1[2])
= P (l2, l1[2]|l∗2)P (l1, l[1]2|l∗1, l1[2])
depends on l[1]2 ≤ l1[2]. Thus Φ(l∗1, l∗2) ≤ Φ(l1, l[1]2, l2, l1[2]).
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System 1
B
A
D
C
E
System 2
C
B
G
A
F
Figure 1: Two systems with one type of components, Example 1
Example 1. Consider the two systems in Figure 1. For system 1 we have n∗1 = 5, n1 = 2,
n12 = 3 and for system 2 we have n
∗
2 = 5, n2 = 2, n12 = 3. That is both systems share
components A, B and C. For a given (l1 = 1, l2 = 1, l[1]2 = 2, l1[2] = 1), Table 1 shows all
possible scenarios each with probability 1/24 due to the exchangeability assumption. In
this case, the survival function is equal to Φ(1, 1, 2, 1) = 10
24
.
System functions l1 = 1 l2 = 1 l[1]2 = 2 l1[2] = 1
0 D F AB A
0 D F AB B
0 D G AB A
0 D G AB B
0 D F AC A
1 D F AC C
1 D G AC A
0 D G AC C
1 D F BC B
1 D F BC C
0 D G BC B
0 D G BC C
0 E F AB A
1 E F AB B
1 E G AB A
0 E G AB B
0 E F AC A
1 E F AC C
1 E G AC A
0 E G AC C
1 E F BC B
1 E F BC C
0 E G BC B
0 E G BC C
Table 1: Two systems with one type of components, Example 1
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System 1
A
B
C
System 2
B
A
D
Figure 2: Two systems with one type of components, Example 2
Example 2. Consider the two systems in Figure 2. For system 1 we have n∗1 = 3, n1 = 1
(C), n12 = 2 (A and B) and for system 2 we have n
∗
2 = 3, n2 = 1 (D), n12 = 2 (A
and B). That is both systems share components A and B. The survival signature is zero,
Φ(l1, l2, l[1]2, l1[2]) = 0, for the trivial cases: l1 + l2 < 2, l[1]2 = 0 and l1[2] = 0. The survival
signatures for remaining cases are given in Table 2. For example, the first row in this table
represents the case for which both systems function if the same B component functions.
If the probability distribution of the component failure time is exponential with rate 1,
that is F (t) = 1− e−t, then the joint survival function is depicted in Figure 3.
C D A,B
l1 ∈ {0, 1} l2 ∈ {0, 1} l[1]2 ∈ {0, 1, 2} l1[2] ∈ {0, 1, 2} Φ(l1, l2, l[1]2, l1[2])
0 1 1 1 12
1 0 1 1 0
1 1 1 1 12
0 0 1 1 0
0 0 2 1 0
0 1 2 1 12
1 0 2 1 0
1 1 2 1 12
0 0 1 2 12
0 1 1 2 12
1 0 1 2 1
1 1 1 2 1
1 1 2 2 1
Table 2: Two systems with one type of components, Example 2
3.5. Multiple-types of shared components
We extend the results of previous sections to multiple types of components. We de-
note the type of component k ∈ {1, 2, . . . , K} as superscript. Let Ck,1t1 ∈ {0, 1, . . . , nk1},
Ck,2t2 ∈ {0, 1, . . . , nk2}, Ck,[1]2t1 ∈ {0, 1, . . . , nk12} and Ck,1[2]t2 ∈ {0, 1, . . . , nk12} denote the
number of components of type k, k ∈ {1, 2, . . . , K}, in system S1 and system S2 that
9
t1
0.0
0.2
0.4
0.6
0.8
1.0
t2
0.0
0.2
0.4
0.6
0.8
1.0
surv
0.2
0.4
0.6
0.8
1.0
Figure 3: Two systems with one type of components, Example 2
function at time t1 > 0 and t2 > 0, respectively. For ease of notation, let l
k =
(l11, l
1
2, l
1
[1]2, l
1
1[2], . . . , l
K
1 , l
K
2 , l
K
[1]2, l
K
1[2]), and we denote the summation over all their possi-
ble values by
∑
lk . If the probability distribution of the component failure time of type
k is known and has CDF Fk(.), then
P (T1 > t1, T2 > t2) =
∑
lk
Φ(lk)P (Ct,lk)
since the components from different types are assumed to have independent failure times.
Then for t1 < t2, we have
P (Ct,lk) =
K∏
k=1
P (Ck,1t1 = l
k
1 , C
k,2
t2 = l
k
2 , C
k,[1]2
t1 = l
k
[1]2, C
k,1[2]
t2 = l
k
1[2])
=
K∏
k=1
nk1!
(nk1 − lk1)!lk1 !
[1− Fk(t1)]lk1 [Fk(t1)]nk1−lk1 n
k
2!
(nk2 − lk2)!lk2 !
[1− Fk(t2)]lk2 [Fk(t2)]nk2−lk2
× n
k
12!
(nk12 − lk[1]2)!(lk[1]2 − lk1[2])!lk1[2]!
[Fk(t1)]
nk12−lk[1]2 [Fk(t2)− Fk(t1)]l
k
[1]2
−lk
1[2] [1− Fk(t2)]l
k
1[2]
4. Joint survival signature of three coherent systems with shared components
There will be situations where more than two systems may share some components,
e.g. in network systems. Therefore it will be of interest to consider such a setting, so we
consider the case of three systems that may share some components, and then we discuss
how this can be generalised for more than three systems. Suppose we have 3 coherent
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systems, S1, S2 and S3, the setting for this scenario with one-type of components shared
is as follows. Let the number of shared components between systems 1 and 2 be denoted
by n12, and the number of shared components between system 1 and 3 by n13, and the
number of shared components between system 2 and 3 is denoted by n23, and finally the
number of shared components over all three systems by n123. Of course, there may be some
components that belong to one system only. We can write the number of components
per system as
n∗1 = n1 + n12 + n13 + n123
n∗2 = n2 + n12 + n23 + n123
n∗3 = n3 + n13 + n23 + n123
thus n = n1 + n2 + n3 + n12 + n13 + n23 + n123.
Let T1, T2 and T3 be the failure times of the three coherent systems S1, S2 and S3,
based on components with iid failure times X1, X2, . . . , Xn having a common continuous
distribution function of the same type F . Let l[1]2 and l1[2] be the number of components
out of n12 that function when, respectively, S1 and S2 is considered. Similarly let l[1]3
(l1[3]) be the number of components out of n13 that function when S1 (S3) is considered,
let l[2]3 (l2[3]) be the number of components out of n23 that function when S2 (S3) is
considered, and finally let l[1]23, l1[2]3 and l12[3] be the number of components out of n123
that function when S1, S2 and S3 are considered, respectively. For ease of notation let
l = (l1, l2, l3, l[1]2, l1[2], l[1]3, l1[3], l[2]3, l2[3], l[1]23, l1[2]3, l12[3]), and we denote the summation
over all their possible values as
∑
l. The survival signature Φ(l) can be defined as
Φ(l) = P (SF1, SF2, SF3|l)
For t1 < t2 < t3, and for l[1]2 > l1[2], l[1]3 > l1[3], l[2]3 > l2[3] and l[1]23 > l1[2]3 > l12[3], we
can write
P (T1 > t1, T2 > t2, T3 > t3) =
∑
l
Φ(l)P (Ct,l)
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where
P (Ct,l) = P (C
1
t1 = l1, C
2
t2 = l2, C
3
t3 = l3, C
[1]2
t1
= l[1]2, C
1[2]
t2
= l1[2], C
[1]3
t1
= l[1]3, C
1[3]
t3
= l1[3],
C
[2]3
t2
= l[2]3, C
2[3]
t3
= l2[3], C
[1]23
t1
= l[1]23, C
1[2]3
t2
= l1[2]3, C
12[3]
t3
= l12[3])
=
n1!
(n1 − l1)!l1! [1− F (t1)]
l1 [F (t1)]
n1−l1
× n2!
(n2 − l2)!l1! [1− F (t2)]
l2 [F (t2)]
n2−l2
× n3!
(n3 − l3)!l1! [1− F (t3)]
l3 [F (t3)]
n3−l3
× n12!
(n12 − l[1]2)!(l[1]2 − l1[2])!l1[2]!
[F (t1)]
n12−l[1]2 [F (t2)− F (t1)]l[1]2−l1[2] [1− F (t2)]l1[2]
× n13!
(n13 − l[1]3)!(l[1]3 − l1[3])!l1[3]!
[F (t1)]
n13−l[1]3 [F (t3)− F (t1)]l[1]3−l1[3] [1− F (t3)]l1[3]
× n23!
(n23 − l[2]3)!(l[2]3 − l2[3])!l1[3]!
[F (t2)]
n23−l[2]3 [F (t3)− F (t2)]l[2]3−l2[3] [1− F (t3)]l1[3]
× n123!
(n123 − l[1]23)!(l[1]23 − l1[2]3)!(l1[2]3 − l12[3])!l12[3]!
× [F (t1)]n123−l[1]23 [F (t2)− F (t1)]l[1]23−l1[2]3 [F (t3)− F (t2)]l1[2]3−l12[3] [1− F (t3)]l12[3]
Similarly one can define P (Ct,l) for other orderings of (t1, t2, t3). Finally, we can ex-
tend this similarly for multiple types of components, by denoting the type of component
k ∈ {1, 2, . . . , K} as superscript in the formulas above, and following the method of Sec-
tion 3.5. However, to make this operational for non-trivial systems is computationally
challenging. This is briefly illustrated in the following example.
Example 3. In addition to the two systems in Example 2, we consider a third system
as in Figure 3. To illustrate the complexity of the approach in this paper for more than
two systems, we show the effort required to compute the survival signature restricted
to considering all systems at the same moment of time. Both systems 1 and 2 have
3 components while system 3 has 4 components, and we have n1 = n2 = 0, n3 = 1
(E), n12 = 1 (B), n13 = 1 (C), n23 = 1 (D), n123 = 1 (A). As in this example we
have at most one shared component among the systems, thus l1 = l2 = 0, l3 ∈ {0, 1},
l∗12 = l[1]2 = l1[2] ∈ {0, 1}, l∗13 = l[1]3 = l1[3] ∈ {0, 1}, l∗23 = l[2]3 = l2[3] ∈ {0, 1}, l∗123 = l[1]23 =
l1[2]3 = l12[3] ∈ {0, 1}. As l1 = l2 = 0 there are 210 possibilities we need to consider, the first
column in Table 3 shows the corresponding number of these possibilities out of 210. For
example, the first three rows suggest that at least one of these systems fails when either
component B or D fails, and this counts for 768 out of 1024 of possibilities (3× 28/210).
Clearly, this already requires many combinations to be considered, and the combinatorics
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System 1
A
B
C
System 2
B
A
D
System 3
D
A
E C
Figure 4: Three systems with one type of components, Example 3
increase enormously when also considering the systems at different moments in time.
Further computational methods or approximations need to be investigated.
B D A C E
# l∗12 ∈ {0, 1} l∗23 ∈ {0, 1} l∗123 ∈ {0, 1} l∗13 ∈ {0, 1} l3 ∈ {0, 1} All systems function
28 0 0 0/1 0/1 0/1 No
28 0 1 0/1 0/1 0/1 No
28 1 0 0/1 0/1 0/1 No
27 1 1 1 0/1 0/1 Yes
26 1 1 0 0 0/1 No
25 1 1 0 1 1 Yes
25 1 1 0 1 0 No
Table 3: Three systems with one type of components, Example 3
5. Concluding Remarks
In this paper we have introduced the concept of joint survival signature for two systems
with shared components, first we considered the case when we have only one type of
component, then we extended that for multiple types of components. Then we showed
how this can be generalised for more than two systems with one or multiple types of
shared components. We have also derived the conditional reliability of two coherent
systems with shared components and we have investigated some useful relationships.
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